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Transition of t~e boundary layer from the laminar to

the turbulent neglme has been ipveetlgated on a flat plate,
on the ooncave and convex. side of a plate having a 20-foot
radiua of curvature, “and on the convex side of a plate
with a 30-inch radius of curvature. !Cheinvestigations
were carried out at the ~ggenhelm Aeronautics Laboratory,
California Institute of Technology (GALCI’I!)In a special
tunnel with low free-stream turbulence. It wae found that
transition wae not affected by convex curvature in the i.n-

i!= S;.veatigated range from ~ o to r 0.001-. Concave cur-

vature was found to havo a pronounced effect on the tran-
eiticn point, .decrezisingthe critical Eeynolde number.

The lamj.narboundary-layer oeoillations discolored
recently by Drydon, Sohubnuor, and Skramstad on a flat

. plate have bean investigated on the convex s’ideeof the
r = 20-foot and r = 30-inch plates. It wae found that the
mechanism of transition on tho convex sides of the plates
is the same as that’on the flat plate. Measurements of
the characteristics of the Iaminar oscillations agree
closely with the results of Schubauer and Skramstad. The
mechanism of traneiti.on on concave surfaces appears to be
different from that for flat and convex plates.

Measurements of the influenoe of a single roughness
element on the boundary layer show that transition oan oc-
cur in two distinctly different ways.downstream from the
ele~ent: Traneitlon can occur in the wake proper of the
element or further downstream after the boundary layer.hae
reattached.itself to the surface.

The Influence of ~ pressure gradient on transition on

.,
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the oonvex eide of the r:=,.20-f.ootplate “was studied.
No definite parameter governing the influenoe of the
preaaure gradient has yet been obtained. ..-

.. . . . .
...

1. INTRODUCTION ./ .. . . .
.,

The California In~titUte “investigation of the effeot
of curvature on boundary-layar transition was initiated
in 1937 under a general reaea~ch program sponsored by the
National Advieory Committee for Aeronautloe. The purpoee
of thie general program was to ieolate the faotore influ-
encing transition - such as.~x~prnal turbu.lenpe.,pmesaure
gradiant, and curvature ~ ane to inveetlgatie each effect .:
separately. The GALCIT undertook the Investigation”mof the
effect of ourV&ture in the transition of.the boundary
layer from the laminar to the turbulent state. . . .

.. . .

. The general nature of the problem requires tho ex”-
treme reduction of.all other factortainfluencing transi-
tion. IIence, the pressure gradient along the boundary””
ehould be ae cloee to sero ae poeeible and the external
turbulence level EZSlow ae poaeible. To satisfy the first
condition, the curved eurfaoe wae choeen ae a thin .sheek .
eet inbo u curved test section euch that the test $heet “
and the walls of the section form four concentric cylinder
eurfacee. TO reduce the turbulence level of t-he.free
etream the flow ups’tream.o.fthe test eectlon had to be ‘ .
carefully controlled. Theee two condition detorhine es-
sentially the type of wind-tunnel equipment ueed In thie
Investigation, which is &o@crib”ed in a later part of this
report . The flat plate at sero preseure.gradient ie the
llmltlng oaee for large”radlus sf curvature, .and”thus: .
forme the link between this Invqetigation and the.rbsehrch
on the influence of turbulence level and laminar boundary-.
layer oecillatione on transition carried out on a flat ..
plate at the Katloual Bureau of Standarde in the couree of
the same general program of the NACA.

The firet Investigation,. on the influence of curva- “
ture on transition by Milton and Fr.ancie Claueer (refe”r~ .
enoo 1) at GALCIT showed a st~.onginfluence of curvature
on the looation”of the tran~ition #oint.. Convex curva- .
ture was found to delay transition appreciably ae compared
with ooncave curvature. These resulte, however, met with
some criticism baeed mainly on the following two polnte:
In the experiments of the Clausere the angle of attaok of
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. .
the.curved mheet vae not varie.de. Henb$, t%? concave side
and the oonve~ .sdde of “tiBe shpet, respecxtl?ely, were teOt-
ed under flow .oondi:tions“notneaessarlly lflqntlcal, sinoe
the stagnatlon”poi.nt;might have been-situated on the oon~
vex or the ooncave stale.. Sihoe.,Sohiller.(~eferenoe 2) and
Hall and Hislop””(referenoe j) found a.etro~g.angle-of-
attaok.effect In their reqearah.oa fl~t @.laheo, it vae
suggested by Taylor (referemee 4) “that the :.ourvatureef-
feot of the Claus’era. eould”tk~e baen:t”nfluenop~ by the
initial setting.bf tha.plater: . ,: .. .

... .

This’crit~o~em~wa; ag@a”~at.i~ bi.tihefact that in
the Investtgatlon of the _Ulauser-sP‘only oolioave and convex
curvature had been investigated,.but no.me’a-surementsof
the transition”on a flat plate had been oarrled out,

The unpublished researoh oonducted by”A. C. Oharters,
Jr,,of-C~I-T. during lg3Ek3g was’ mainly undertaken to check
the validity of this crltloism- A detailea.discussion of
the main results of +nvestigatl.ons by the Clausers and
Charters Is given In a later part of thie report. The
general result’ of Chartarsl investigation was that the angle- “
of-attack effect Qi@ “sot account for the results ‘found by
the Clausers. Attempts to elo$e the other gap in the Clausersl
experiments., namely, the Investigation of flat-plate flow
under the same conditions as the flow past the curved sheet,
met with gonsi~erable difficulty wh$ch force-d”a postponement
of the further’ Ymyestigatlon “of curvature effect in order
to allow foe a separate investigation of flat-plate flow
(referenoe 5).

A new atte~.t to determine ‘the effect of curvature was
started in 1940. The present report pre~ents the results
of this research. .

The theoretical aspect of ths influence of ourvature
on transition :s closely Interwoven with the theoretical
aspeet of the whole transition problem. !hansition must
he brought about by some instability of the laminar flow.
Investigations of the,stability of laminar flow with re-
spe~t to small perturbations of various forms have been
carried out by a number of investigators- It appears that
there exist-two d$stiactly different tyyeta of instability
of lamihar motion.which may be termed (1) Wdynamio, ~ and
(2) ‘vlsoousfi itmtabilityt .

(1) ke omll a motion.dynamically unstnble if, under
negleot of the VISOOUS forces, smmll perturbx
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(2)
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.tions of the mean velocity profile inarease
with time. TO be sure, this”lnoludes flows
whioh aan only exitatin viaoous fltiidh;a8 a
nntter of faat, in moat cl%OoBViscotasty iB
neeeesary to produce the mean veloaity profiles
i.nvolvo&. Such dynamic Instability. has been
found, for example, in the ease of rafiles
with inflection points (references t and 7) and
In oertain problems of ourvod flow (references
g , g, and 10 ). Id general, if.tho viscoeity
Is taken into aacount in euch cases t~o influ-
enoe of vlscosity”narrows the rango of Reynolds
number in which instnbilit$ c$ccurs. In othor
words, the viscosity has the offoct of decreas-
ing the instability.of suoh fIows. . “

There are, hbwever,. cases where tho influenco of
friction on tho perturbation is just t.h6op-
posite. The VISOOUS ferces here sro ossontlal
to bring about an enor@ transf~r fronl’tho mean
motion fnto the perturbation motion. If”the
viscosity is noglocted, tho flow.l”s found to ho
perfectly etable. Thd ~oet importanti”caee’of
8tability of the boundary layer of a flat’relate
belongs in.thi.sclass (reforcnces ‘ll”and12.)-0
The Blasius layer was faund by Tollniien (refer-
ence 11) to “be sub~oct to this type of visoous
Instability. ...

!Choresults of such investigations of viscous ineta-
bllity, which were Jmninl,vadvnnced by tno fftittingongroupt
did not, howovor, meet with universal accoptanco. .Tho
reason for this IQ found in tk.olack of oxperimoritaZ.ovi-
dcnco - ospocially in tho casa of tha flow along.a flat “
plate - mnd also in the m~.thorimtical and physical not-
quite-convincing asaumpti,one and methads of approximation
used in theee theories.

..

On tho othor hnnd, .’th~roeults of tho thoorbtical in-
vo.stigatlons rovemling dynamic inetabilitles have .bobn
gonorally. accoptad. Thoorios of boundary-layer tranel%ion,
bnsed on the assumption” that finita oxtornal Znfluonoos .
such as turbulence or an adverse pres’sure gradien.tichange.
the mean velocity profile to a dynamically unstable” f~rm,
were therefore proposed. Thie p“aint of view was especial-
ly advanced by G. I. Tnylor (referenoe 4).

Th& influence of curvature on boundary-layer transi- .
tl.onbelongs essentially in the claes of dynamic instability.
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As a matter of fact, it was predicted that the centrifugal
and Co’rtolia forces should produce stability nnd inatabll-
ity ranges of the same general character aO are observed
In the case of rotating cylinders (reference 3).

,. The recent discovery of the sinusoidal boundary-layer
oscillations by Schubauer and Skramatad (reference 14) at
the National Bureau of Standarda and the investigation of
the behavior of these oscillations gave the first olear
experimental confirmation of the Tollmlen and Schlichtlng
theories of viscous inatabillty. This oxperimontal result
decisively influenced the approaoh of tho entire transi-
tion problem. owing to tha exchange of progross roporta -
through tho IIAOA- between the N.B.S. and the GALCIT, the
authcr wae fortunate In having advance knowledge of theso
lnveatlgatlon~, and the research program was strongly in-
fluenoed by this most important interchange.

The resnlta presented in this report show that tke
character of boundary-layer trnnaition at a convox bound-
ary la the same as on the flat plate. The paramotora of
the laminar boundary-layer oscillations agree with the re-
sults of Schubauer and Skramatmd on the flat plate. A
alight stabilizing effect of ccnvex curvnture la barely
noticeable in the investigated range and 1s of no practi-
cal Importance. Concave curvature, howevar, was found to
have a strong destabilizing effect, in agreement with the-
oretical expectation, regarding n dynamic instability
due to centrifugal forces. The present investigation
gives a gener~l survey of this ‘Iconcavellcase, although
the results are not quite so complete as in the case of
the flat plate and convex walls.

Thla investigation, conducted at the Cali.fornla In-
stitute of Technology, was sponsored by, and conducted .
with financial assistance from, the National Advisory
Committee for Aeronautics. Dr. Th. von K&rm&n and Dr.
C. B. Ml:llikan ~uperviaed the research. The author wishes
to express his sincere appreciation and thanks for their
encouragement and advice.

Mr. Carl L. Thiele and Mr. StanleyCorrsionla oooper-
ntlon and Mr. Philltp Johnaonl a’asaiatance during various
parts of the investigation are gratefully acknowledged.
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OAOgOrLSL wordh.atee
..“{

The hundAry surfaceIs
r@cesented I& y = O.
The X -s “puints.from
theleading edgei’nthe
directionof the main flow

‘x . ,..
.. ..
=“. ”..

r.

-.

. .

.1

z

radiusof chrvatureaf the boimdary’surface‘.r .. . .J
. . . .

Ugv$w. .: local-mean velocity

mean velocityof theZree stream
. -“.

r.. .
. .

1

J
c~onents of the velocityfluctuatims in-X;.yI
and z direction ... .

rus _ ~1~
—= —, etc.
u ..Ua

rootmean sqyarreof the relativevelocityfluctuation .. .

..dqnaity “ . .
.,

P

Lfimatic.viscosity. .. .u
. .

Blasiusi nondimensionalparameter.“

boundary-layerthickness“8

d momentum.thicknessof the boundaryl=er

displacementthickmessof the boundaq layer8*

R“” Reynolds

.“R3pLolds

nukberof tko-transitionpoint. .. .%tr~ %trs ‘6*tr Rcqmolas

f
1Br = 21T timesthe frequonqr

.*
a “1= 2TI dividedby the wavo lengthA .

f the Tol~ien-Schlichting waves
Cr phasevelocity . .

Pi amplificatimfactor

a = 21T dividedby the wave 1ength
$ Amplificationfactor 1

of tke !E@or-%rtl er vortices

r=20-footplcte, r=3(Linchplate = -p]atos h~vi~~Xl-footad. 3Ginch
rad~+uscf cuvatue~ ?es?oct.ive-iy

....- ..— ...— ...-.
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111. APP&gUS AND METHODS
!... .. . .-,

m ““1.‘we Wind Tunnel.

Yigure 1 ShOWEI.the””Wi.rid“tu~ndl.~specially built for
for this research. %he somewhat unaanventional design is
due to the following requirements:. .... “.

,. .. . ““ ““

(a) .“~lietunadll eh&ld pj~s-;esa”:tdgt’j~eotions“of“vari-
oue”-cu’rvkt-u.hhstihioh.are ea.ed.lyiriterch~ngeable.... .

(b) ~ke tak.t‘;bction& :bukt..hev’ea..”lhrke’”aspect rat;o
(8:1) in ord~rto prevent e?condary flow in

.. the.burved seotians.. “.”.,

Because of those rea~one a pressure-type tunnel was
chosen by,.the.Clause.rs(reference 1),”and the “general lay-
oub’cf the-present tunnel resomblea very much that de-
scribed by *hern. The pressure in the toet Wseotioriof a
tunnel of the type shown in figure 1 can be adjusted by
means of flaps apd scqeons .a.t.the diffuser exit. Thus
the teet seotion can ~.eoperated without largo pressure
dlfferencos acting on the walls. This is an essential
point for the “construction of high and narrow test soctlons
as employed In thie investigation. .

..
The tunnel IS “operated by a 62-horsepower stationary

natural-gas engine which drives two 8-blade fans. The
speed is remotely controlled by makn~ of a small electric
motor which drivee the throttle through .a gear and lead-
scrow system. “ ThiS’gas.eng\no wan chosqn as a result of
f.lnano~aland eleot~fo power considerations, and has proved
very .sati.sfaotiory.“;IThevelo~ity..rarigeof the tunnel is
about .5to .40 meters ~sr seleond. ....,}1 “ ‘ ‘:I ‘.-

1;.+. ,....“
$’

. . 2; Turbulerice Le;velJ .
.. ...”.

The turbulence ‘level In the teat “s.ectl,onof the tunnel
ie.cod%rolled by”two tidrepn~and one h.oneyoomb followed by .
.a “1O:1 contraction (fig. ~). The. scrpens are. seamless
precision .ecreens; 18 kesh per inch; wire diameter 0.018
ipoh. The’;honeyctirnhconslkttibf dome 6000 paper mailiag
tni~es, 6 inches long and 1 Inch In diameter. The main tur-
bul”ence-controlling device is actually the screen farthest
downstream.. ..Thehoneycofih and ff.r~t screen serve mainly to
smooth the very irregular flow ,~.nterfngthe settling chamber.

...J.. ..: . . .
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The turbulence In the test section was found to be
.“ . .

~
= 0.06 percent

u
. .

~! :Wl— =— .= 0.12 percent
u u

At the highest obtainable speeds the-value of uI/u was
found to increase to about 0.09 percent. Correlation
measurements showed that thq correlation function for the
tunnel turbulence did not resemble an exponential func-
tion as in the case”of isotropic turbulence. The correla-

tion coefficient

distance of about
then on decreased
to about 0.5. “

U1 I

Was found to drop over a

m“%’ -
..
..

1/4 Inch from 1 to a-bout0.7 but from
very slowly over a distance of 2 inches

.-
. .

This ehowe that thb turbulence in the free etream is”
quite different from Isotropic turbulence. J This in ‘
agreement with the results,of Schubauer and Skramstad (ref-
erence 14)0 which ehowed that a large part of the tunnel
turbulence at low levels consists of sound, “The l’scale~
of thie pseudoturbulence is evidently very large.

3, The rest Sections

The tunnel p“osseeses three Interchangeable test sec-
tions of different curvattie: r =~, r = 20 feet, r = “
30 inches. The height of the section~ is 5 feet; the
length, 7 feet; the width, 7.5 inches. The construction
is essentially the same for the three sections. They con-
sist mainly of three plate-glass plates of l/z-inch thick-
ness . Two of these plates-form the walls of the section; 1
the third plate, set in the middle of the section, forms
the teet sheet. In the case of -thecurved sections, the
radius of curvature given is the one of the ‘testDIILte:

the walls form concentric cylinders.” The leading edge~ of
the test plates are ground and polis~ed over.about a 2z-
Inch length to a leading edGe of l/32-inch radius of curva-
ture.

. .
The side plates of these sections can be moved out and

in at both the trailing nnd leadin~ edges and the test plate
can be rotated about a ~ivot eituated in line with the lead-
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ing edge. Pressure gradient and angle of attaok can thus.*.-
be adjuetod within fairly.widg limlts.

4. Traversing Meo.hanism . . “ :...
,:

“l!larlierinvesti.gatians have ~h~yn” tha..tfor a.complete
inweetigattion of.the.boundary”layer and of transi$io~, a “
continuous traverse with the meEsuring instrument along
the plate (in x-direction) and uofimal:$o t.he.plate (in y-
dlrection) ie.~ery .essent”i’al,“The narraw test se~.~f~n~l
which leave on both s~des “of the test .platas channels only
3? iddhe”tiwide and, in additlati,“the‘curvature of hhe sec-
tionw; “~&e ‘a~”pontinuoustra~erge.difficult. The oon-
strtrcti”c”n”o’fthe traversing meohapmiem is therefore pr”k-
sented in some detail: o

. .
..-

Flgure 2 ehow~ the general icheme of the arrangement
drawn for the .sect.lon..withthe largeet curvatuqe “(r = 30
*nclies). The actual track mechariism, which has to be
rather heavily built, is removed f,rorn$he teet seotion Into
the diffuser. A framo formed:of heavy streamline steel
tubing sllde.sin tracks running along the top and bottom
of the diffueer. .Tbls unit is propolled b~ msans of a
chain and sprooket driven,by a reversible-Gpeed direct-
current motor by remote.control. The measuring instru-
ments = hb~ tiires, static tubss, and so forth - are mount-
ed on small carriages of the type sh~wn in figure z. “
Theee carriaget are guldod along the plate by long ar~s
extenaing from the steel frame in the diffuser into the
teet section. These arms are made of dua~l tubi~g In p.ar-
tition~ connected by brass hingee to allow the ~arriage to
follow the cubvod plate: .The number of pe+rtltions was
faur.for the r = 30-inch plate; two f~r the r = 20~.fo6t
plate,.and ’one for the flat plate. “ . ..:..”

The carriages are held on”th# test plate”by meane of”
a epring-”ldaded ievem prssejng against the ~wall of %ILo” .
section. Tlii”sarra~g~ment madem’pbekible a contj,nuou%trav-
erse in the”x~dir”ection of abou~” 6 feet. .T.o. traverse. :
across.tho boundhry layer in the y-direction, the inststl- .“ ●

ment on the”carr~age can.be tilted by means” of a.micrometer
screw whlch,””in turn , .-IQoperated by .maaag af.,a;flexf.ble
shaft ,.runningalongsido.t.he arm (fig. 2] to .asmall r.evers- .
Ible-spwedflelectri.o.motar mounted on the .t.rtiokin the d$f-
fusor. Thus, a .con.tlnuous.travorse of about 2$ inchee nor-
mal to,the plate is .acoomplished.

,.
.

:..“... .. ..,,,.:... .. ......-.--” .. . . . . .
.. “ — — —
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The x and y positions are read through the glass
wall on a paper ncale giving the distance from the lead-
ing edge, and on the. ,calibrated micrometer screw on the
carriage, respectively. t. .

:.

In the z-direction the arm can be set discontinuous”iy
hy moving the clamps which fasten the arm to the steel
frame in the diffuser. Figure 4 shows .:t~hsr = 20-foot
section with the traversing arm in the forward position.

This t~e of traversing mechanism worked very satis-
factorily,. both for the concave and the convex side of the
plates ; Since the-main unit i$”mounted in the diffuser,
only the arms have to be reniaced */hen changing to another
test section. “.

5~.,Hot-wireApparatus

lZotwires have been extensively used in this investi-”
gatlonm All velocity profiles and, of course, all meas-
urements of fluctuations were made with the”hot-wire ane-.
mometer. The determination of the tra”neitlon point was, .
in earlier measur”emkrits,made by means of the surface-tube
technique, but In later measurements a hot wire was em- .
ployed.

The hot-wire equipment can be split’up into the hot-
wire anemometer proper,” the electrical apparatus for mean-.
speed measurements and, finally, the amparatus used for
the study of velocity fluctuations.

(a) ~-wire ansmometery- The hot wires used consi.s.ted
of platinum wire 0.0005 inch and 0.00024 inch thick f~r
mean-speed and velocity-fluctuation measurements, respec-
tively. The platinum wire was always soft-soldered to the
tips of fine sew~ng needles. “The silver cover of the”
0.0002u-inch wire [Wollaston wire) was removed. before sol-
dering the wire to the needles. The hot-wire holders con-
sisted of ceramic tubing (so-called Stupakoff tubing) about
5 inches long. This.tubing is avatlahle with either two

.-

.. ,.

.“

..

...“

..

,.

. .

..

!.

or four hole= - the dlamet=r being about 0.14-inch and O.~- o
inch, respectively. The needles were soldered to copper . .
wires which were cemented into the holes of the ceramic . I
tubing. A holder. of this t~e is seen in fi~ure 3.

. ..,
The wires used for measuring mean speed were gener--- ‘ .:

ally”about 3 millimeters lotif;velocity fluctuations par- “
. .

.
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mean flow (vI, wI) were-miasured with two ‘~~m-i.llirneter
long wireO, moun~ed,~n x form~. !Ilhe-virestibremounted in
two parallel plan*a zik close t:ogethharas pos~ible. The
angle between the wirtih”“wasbetween 60° and 80°; the an-
gl~ with t~e direct+omn.,, .of the w~nil Wab. thbre”f@’ebetween
30 and 40 . ! .!. r ..-.” ..,. . . . .,

(IY) E~fimifi-$or’, m~in- BBeOd rnia~~rem~fit~.4 ~~r”’ti~qs.=
uring mean speed, . bo.th.the.constiant-curremtand the oon.-
stant-resistance “m6thodp were employod. These methods are
desorlbed in”the literature (for example, referenoe 35). ..
Generally, the oenstan”t-re.sistancemethbd was preferred,
owing to”the constant sensitivity of the wire throughou~ a
velocity profile, whl~h permitted o eratlon of the wire

gat rather low temperature (about 40 C above air tempera-
ture). Thie lesse~s tho errors introduced by concoction
currents nnd heat 10SS to eolid boundaries. The measuring
instruments consiet mainly of a Whoatstono bridge for meas-
uring the resistance of the wire,.and a poteritiometer for
measuring tho current through the wire or tho voltage .
across the wire. This mean-speed apparatus”is made up of
two identical circuits which, with tho necessary switch-
ing devices, allow the o“~oratlonof two separate hot wires
and the measurement of tho sum or tho differsnco of the
voltagee across the wires, The apparatus, together with .
the amplifter described in the next sootion, “is built in
one lar.go stool c“abln6tto avoid external electrical dig-
tu~bance .

The whole apparatue:”was d&sLgned and built by Oarl ,
Thi.ele. . . . .

,

. (~),Armaritus for turbulona~ iny~eti~tioq .- The main
part of this equipment consists of an alternating-current
amplifl.er t.oamplify ,voltaga fluctuation~ across the wlros.
The “am lif.ierused H@ Q frequ,eney-resp”insduniform within

?abcu$ -3 ,percent from about.6 to.9000:cycles p“er second. .
For ,thp c~mpensat~ofi of the time lag of the “w”ire, an.in-
ductance ol.rcultwit-hvariable oc.mponsation resistance h
provldod. Tho output of the amplifier Is measured by. .
means of a thermocouple and wall galvanomo$ep. The whole
unit Is battery-operated to lessen the pickup from exter-
nal disturbances. The time constants of the wires were
dotormlned by the electrical-oscillator method (reference
15 j. Large chokos in tho heating cirouits of the wires
as-sure oonstant-current operation.

II —
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+Uxiliary equipment includes oscillosoopoe, sound an-
alyzer, oecillat.or, an eleotrcnic ewitoh to allow obser-
vation of two eignals with one oBcillosoope and, finally~
a framele~d General Radfo motion-picture camera for photo-
graphing ”oscillograms. .. ~ “ “ .. . ..

.. .;.” .!...-.
6. Measurement of Pressure Dl~trlbu”tiom. -

Angle of Attack .:

Th”ep.reseur.adistribution along the plates-was meaiured
with” a small etatic tube”madet from a hypoderinlc needle.”
~he tube wae mounted on the ,carriag-eat a dletance of about
~ “centimeter from the boundary, and bhe pressure al’ongthe
plate.was measured at this constant distance. It was coon
found that the pressure along the plates was not un~form
but showed Irregular maxlmuius and minimums. The setting
.of the wane impr~ved the over-all gradient but did nrt re-
move the wavlnegs of the distribution. R’lexible wane. on
the top and the bottoh were tried but show~d little effect.
It was then”concludnd that the llwavas~lIn.the @distribution,“
were due to local changes in radfus bf curvature .of.Lhe
tef3tplate. This.~was confirmad by comparing th~ pressure
.di~tribution on both sides of the plate and by observation

‘. ‘of the dletauce of a hot wire from the plate set very.”close
t.othe boundary and moved.along on the.three-legged car-
:riag.e. Zhis.variation in radius of curvatpr.e llmite the
aocuracy with which the pressure gradient can be %e%. to
EeroF Ae. expected, this effect was largest for the ~harply
curved plate. It is believed, ”however, that the”rpsidual
pressure gradients did”not appreciably affect. transition.
The pressure distributions for Ziro.gradient are- shown in
figure 5. . .

...... .
In all meaeureuents on th6 ourved platesz the angle of

attack was eet to,a favorable value; that is,”~he stagna-
tion.point was put on the investigated side of “thetest
plate; Ihur~ngthe investigations of the flat .plate, it was
attempted to set “the angle of’at.ta~kto zero.by measuring. .
sitiultaneou~ly on both sides of ‘the plate. The setting of
the stagnation point determines naturally ‘the pressure dls-
tribution.over the ftrst few iticliesof the plate.” A dls-
cuselon of.t~niseiffeotin. connection wi,ththe ‘results ob-
tained by the ?lauae.rs is”given Iater’.on..”.

.. ... ..:.
.,.. .

,.. .
.. -..,. ... .... . .
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7. Determination of the Yransitlon Point
..

-.,... ..
Transltlon wata&qt.ermtaed I,nearl”i.er measnar-ementt3 *

with the surfaoe-tube technique. (6eti,for example, ref-
erence 5.)” ..Thi.a’t,eo~n-~que...uses essentz.ally the ilif.f.er-
enoe in.veldaity ela~e .taa eolid’wall in a “lamlnar and a
tufi%ulenti’layurto ~etprm+qe .trq.nsltion.““Liter, v48ual- “
observation of veloaitym $luatuattops “rneaeur”ed-b~d het :
wire on the”soreen Of .a.qakhode-ray ‘b~OilIOOCOPb wds ap-
plied to determl.ne trans~$iQn. T~ie method “usesi ess.en~
tlally, the. fact that..the.flow lh;t~e trahsltidn region
altertiates.betw~en a Iaminar (Ela.e.ius)and a turbulent
(v. K&rm&n) pro?%le. ~~hib oausk~-large btidden.yeloc~%y
changes Globe to the plate - the 60-oalle& ~urbulent. -
bursts. The..first appeara”no~ of t~gs?.bursts waetthken
as the transition criterion.. The locations of the transi-
tion pointw ~e$.ermmiged.tnthis manqe,r‘a”greeeat~’sfactorlly
with points” measured with the surfa s-tube technique, ‘mI
where the minimum head (i.e-, shearf is taken as transition
crtterlon.

IV. INVESTIGATION Ol?.THE l?LOWALONG A YLAT PLATE

Before. any att’empt to determine the effect of curvature
on transition was made, the flow along a flat.plate was
Investigated.

The purpose of this investigation ~as:

(a) TO detbrmine whether a stable laminar boundary layer
with a clearly defined transition point could be
obtained in a tunnel of the type shown in figure 1

~ (As mentioned before, It.was found difficult to
determine transition on a flat plate in the tun-
nel of the Clausers. )

(b) TO determine the Reynolds number of transition at
zero::prte.seure-gradient for this”limiting case, r=oa

(c) To develop the neoessady: technique for the investi-
gation of .th~ effect of curvature .ontranslt~on

1..“Mea”n:speeddistribution. in.the laminar boundary layer
was measured with the hot-wire anemometer using tha constant-
resistance rnetho”d, The result is Phbwn in figuz?e,6.

The agreement with $he theoretical Blaslue.distribution
Is very good. ‘ The wires were operated et low temperature
and the heat 10S8 toward the glass plate is seen to be neg-
ligible, ‘since even the points closest to the plate do not. .
shbw any marked deviation toward higher velocities.

m,- .,—--, - . .—.
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. .

2. Transition Point
..

The transition point was determined by means of the
surface-tube t~chai”que. The pressure gradient was set as
close to zero as po-ssible; figure 6 shown the.actual”pres-
sure distribution along the plate.” The angle of attaok
of the plate was set so that transition ~ccurred at iabout
the same distance from the “leading edge on both sides-of
the plate. The measured Ileynolds number of transition
based on the distanoe from the leading edge was about
2X10S. Meaeurement6 with a Iistabloll,angleof attack -
that is, turning the stagnation point en the .investigated
side gave a Reynolds numbsr of about 2.5 X lC? . The pre~-
sure gradient in this latter case, however, was slightly
favorable and the Increase in Reynolds number of transi-
tlon”is therefore possibly not due to angle-of-attack ef-
fect only.

These values are somowhat lower than Schubauer and
Skrametadis reeults (reference 14) for the ijameturbu-

len”calevel. For
ula +Via +wIa

P

= 0.11 (the value

of the ‘free-stream turbulence of the preeent invostlgation)
Schubauer and Skramstad give: Rx & 2.7 X 10°. A possible

explanation for thie disordpancy is given in a later part
of this report.

3. Velocity Fluctuations in the Boundary Layer

The velocity fluctuations, oepecially in the laminar
baundary layer and In transition, were studied in Gome de-
tail. All .threo components of the fluctuations have been
measured. The results aro shown in figures 7 and 8. The
results of this investigation do not now seem to be of as
great interest as was thought to be the case when these
measurements were carrlod out. Thie IS due to the discov-
ery of the laminar boundary~layer oscillations which will
be discuesed in a later part of this report. Only tho
main conclusions, ther~fore, are given hero:

It is seen from figures 7 and 8 that, i,ntho laminar
layer vl”and ~1”- that ie, the fluctuations normal to
the mean flow - are of much smaller amplitudo than Is u’.
With increasing Reynolds number, u’, +1, WI increase in
“the laminar layer, keeping about the same ratio of U’:wl:v’.
In the fully developed. turbulent layer, “themvalues of
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v’, WI, and U 1 are of “the same order. The large fluatua-
.tions.Oc,cwring. $.pthe .t.ranqitionregion itself have to be
oonsld.ered separately, s~nce the larger part of-fliesefluc-
tuations Is due to ~ sudden change, In mean speed rather
than true randrsm flpctuatlonp “about a mean value, IPigure

()9 illustrates.the ‘#
. .

velocity fluctuations which may

be expected to occur’ in the transition region: The mean
velooity distribution alternate between.a laminar (Blasius)
profile and a turbulent (v. Kcirmdn) profile. The velooity
close to the wall will therefore suddenly rise from
(U)laminar to (u)turhulent , . drop again to (u)laminar~
and so on, The veloalty close to the outer edge of the
lamlnar layer doee the same, but the uhase is reversed “
since here (eee fig. 9) the turbulent.profile gi.veea
smaller velocity than the laminar profile, This explains

the two maximums found. in the ‘~ . distribution by some

investigators (references 16 and 17). Figure 10 shows an
cecillogram of these fluctuations o%served near the wall.
The one-sided character is clearly seen. These turbulent
bursts are typical of transition and In later inveatiga-
tlons transition was often determined by their appearance.

V. EFFECT OF CUEVATURilOH zHE TRAHSITIOM.POINT

The effect of curvature on the transition point is
presented here, before a discussion of the laminar boundary-
layer oscillations is given. This choice was made as a re-
sult of the belief that the basic oonoeptions .ofthe in-
fluence of ourvature on transition, whioh led to this i.n-
vestigatlon, should be outlined first and pompared with
the results of measurements of the transition point by
conventional methods. The investigation cf the laminar
boundar~-layer oscillations required a quite-different
technique, and the scope of thts second type of research
is rather d~fferent from that originally plahned.

1. Effect of Curvature on the Mean Flow
.Itithe Boundary Layer

The Mavier-Stokes equations for two-dimensional mo-
tion are:

(la)

-—
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-+ v + (lb)

The theory of boundary-layer flow aeaume”e that the
thickness 8 of the la~er in which the viscous-and iner-
tia terms are of the same order is small compared with
the length 1 of tho Iayor measured from the ~tagnation
point . !Chus, . . . ..”

.“
al al
z “T. <<5VK -

and
.. .. .

v .8.-
; i

Neglecting terms 8/1 and higher, the boundar~-layer equa-
tion results from (la).

(2)

sinco the balance of viscous and inertia forces in the layer
requlree

6a .- V,:

All voloclty terms in (lb) xre” of the ordor 8/1 or higher;
hence It follows:

a
3

4...
y-,1

Consequently, the pressure gradient acro;s tha layer for
plane motion.ii of the order 6/1, and therefore its influ~
once on the tioan speed disirlbutimon.neglected. The experi- .
mental verification of the c.ouputedvelocity profile in
the caee of the flat plate proves theso assumptions to be
justifiaa.

If curvaturo of’the surface is taken into account, it
follows that the prcssuro ncross the boundary layar is no
longer constant but that there must exist a pressuro gra-
dient to balance the centrifugal force. If x denotes
tho circumferential coordinate, y tho normal distacco
from tho curved snrfaco, u and v the circumferential and
radiel velccity oompononts, roepectively, the boundary-
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~.ayg,requation remains,&, --- in first approximation, m unaltered.

1

But-th6rh appears a seoond equation, giwin~ t%-sbalanoe
between centrifugal forces and pressure gradient across
tho layer:

I@!= + {+ for concave boundaries
jr! “- for ccnvex boundaries

.-. . . , . . . ... ... . . .. . . .
Hence these now exi,s.tB’adfl.fferen& ofr~preisurb“ln*hS”.- ...-.
%oundar7 layer normal ho the mean flow.”of‘the brder t .

. . .. .
.,

e“

~:.&
~il.

“r,..

This ~h~ws that.the effect ~f curvature should depend on
the parame~d?? &lr. Sigce 8 is.a function of the veloc-
ity u, the parameter can be changbd at a given radlu”s of
curvature by varying the speed. T1.Iismakes. an investiga-
tion of the effect of curvature over a wi~.erange of 8/r
with a limited number of ti’kstplate~ possibla. As a prac-
tical parameter, 8 Is not p~rttcularly suitable since
8 Is relatively indefinite; “ 8 Is therefore replaced by
t3it~er 6*, “the.displacement thickness of the boundary
layer, or by ‘d,..the momdntum thickness of.the layer.

.,

The axpbrimental check shoved that the influence of
curvature on the mean %elocitv profile was negligible
throughout the investigated range - that is, up to
&- = (3.001. The velocity prcfiles, measured on the curved .
glates, agreed very well wtth the Blaslus distribution
for the flat plate. Hence, in all computations the veloc-
ity profile ia taken as tb~ Blaslus profile. Momentum
and displacemetnt.-t~,ickness”werb-thus takea as:

, . .. . ., .

---- . 6,,d.,”=g;. x : .“”:

,.,

3. .Ei.f,ec$~.o$”Curvature on,Boundary-Layer Transitich.3...

T,k”e,~o”lloblng cohsi~a~ation of.the stability of curved
~ountiary-layer”””flow1s.du.~to Rayle~gh (reference lg) “and
* .,
r,. tlie’?adius of .cu~”va~ure,“1”sadsumed to be large com-

pared ”wtth 8: .. “-.”, ~ .
. ... . .. .

. .. . ., ., ..---- - I
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Prandtl (reference 19). Cone$der a particle of fluid In
the boundary layer havizi~m”a“velocit~ Uo. The equilibrium
condition (.equatio~ (3)’)glv-es-:. ~ . ... . . -

,“

() .Puo= . * b

lrl . Fy”o

“If this particle is displaced from its original position
in the y (or r) direction, it enters a layer in which
the ve!loclty is, say, UZ , ap~ therefore

during this motion the particle hae to conserve its angu-
lar momentum uir.’ For small 6/r, r can he apsum?d ag
constant throughout the layer. Hence, u = Uoh Consider

first the concave side of the plate: “ If the partlcle”is
moved outward from the wall

P%a>Puoa .
~ Irl “

Hence, the centrifugal force acting on tho disnlaced parti-
cle is less than that aot~ng on the surrounding fluid, and
under the”Influence of the pressure gradient the particle
tends to”move further in the same direction. If the parti-

Puoa> Pula
cl? is displaced inward — —

Irl
and.the Darticle has

“. Irl
again the tendency to continue in the sarnbdirection; that

“ is, the flow appears tombe unstable. On the convex side
of the plate, the same considerations show that the flow
should be stabilized. Baaed on this consideration, tran-
sition was expected to be delayed on the convex side of a
curved sheet and precipitated on the concave side. It iS
interesting to note in this connection that the flat-plate
toundary layer has to be considered slightly convex curved
since the second-order pressure gradient across the layer is
equivalent to a slight convex curvature.

. . .
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‘()..”1. . ---r <0, . .

(5)
.,

. .

. .

Ttieexperimental reotilts of transition meaeuremen-ts .
on the convex and concave sides of the “r = 20-foot plate
together with the res!ults bn the flat plate are presented
in figure 11’, The Reynolds number of transition

.- %tr ‘

based on the momentum of thickness d, is plotted 8S
funotlon of #/r. 19egatlvevalues of 6/r correspond to
concave, positive values to convex curvature

It is seen that the Beynolds number of transition on
the convex side of the r = 20-foot plate does agree,
within the experimental soatter, witlithe”result found” for
the flat plate.

Concave curvature is seen to have a marked d6eta%illz-
ing effect on the %oundary layer. The values for R*

tr
found on the concave gide of the r = 2&foot plate are
considerably lower than the vqlues for the flat plate and

decreaee with increasing $.

The transition point was then investigated on the con-
wex side of the r = 30-inch plate at different free-
stream velocities and thus at different values of +/r.
The valuee of .*/r which could he reached in this way ex-

tended fr’om a = 0~6 x 10-S to a%out”2,0 x 10+ ;-that
1s, the? are ~bout one order of magnitude larger than
those obtainable with the 20-foot plate (fig. 11). The
first measurements led to the surprising result that the
Reynolds number of transition deareased from a.value of
Rx = 2.2 x 100 at the amalleat value of #/r, to about
0.5 x 106 at the hlgheat value of d/rm

Although .the highest tranaitioriEeynolda number thus
found corresponded very well to the meaaurementa on the
flat plate and on the 20-foot plate, the sudden decreaae
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in Reynolds number was suspected of being caueed by an in-
fluence other than the curvature. Since the lowest valuee
of the critical number were measured at the lowest speed
and thus at the greatiest distance from the leading edge of
the plate, an influence of the spreading of turbulence
from the turbulent boundary layer on the outor (concave)
wall Inward toward the center plate was suspected &s the
factor causing the early transition at low speede. Meas-
urements of the turbulence level C1OSO to the edge of the
laminar boundary layer of tho center plate showed that
this assumption was correct. I?iguro 12 gives the result
of this survey. Tt is Saen that the turbulence level
ul/u ie nearly constant and equal to the normal froe-
stroam level of about 0.06 porcont up to x = 60 centime-
ters. Tarther” downstream, tho turbulence level increases
rapidly to a-value of 0.75 percent at x = 135 contime-
tersa This increas~ in turbulence 10VO1 is cortai.nly
largo enough to decrease the value of the critloal number.

An mt%ernpt co+lldbe made to correct these transition
measurements by using the results of the M.B.S. on tho in-
fluence of the free-stream-turbulence level on the lcca-
tian of the transiti?z “point.” Such a correction, however,
is rather doubtful for the following reasons: The meas-
urements at the N“,B.S, were made with a turbulence level
ver~ nearly constant along the laminar boundary layer from
the leadinG edge to the transition point. In the aurved
tunnel, the b~undar~ layer is influenced by a turbulence
level whioh is constant up to a certain d.lstance from the
leading edge and Increases eteadi’lythereafter. I’urth5r-
more, the spectrum of the turbulence will have a certain
influence and it iS therefore not.certain if the l!T.3.S.
result8 are directly applicable.

It IS believed that the measurements up to about
.. d- & 0.001 are not appreciably affected by this spread of

r
turbulence. The combined results of the measurements on
the flat plate, the 20-foot, and the 30-inch plate (up to
4- = 10-3) are plotted in figure 13.
r

Convex curvature

hae’apparently no appreciable effect on the point of tran-
sition from the lamlnar to the turbulent state of the
boundary layer.

..

The spread of.turbulence from”the boundary layer along
the conoave wall is interesting and worth an investigation,
especially since this problem uight occur in the design of
clo’sedreturn low~turbulence wind tunnels.

*
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The influence of concave curvature is in agreement
vith’the consideration of Rayleig~ and FrandtZ, djscusued
above. Tbls result, tdgethqr with the lack of any sta- ..
%ili~ing effect of oenvex curvature, euggests that the
mechanism of tdanaitidn”is the same for the flat plate and

the oonvex curved aurfacen, but dlffeqent from the mechan-
ism leadtng to tranditio”n on ~oncave durfac.es. That the
boundary layer on the flat plate does not represent the
exact limit between concave and aonvex curprature,but is
to be considered aa slfghtly cmurex, was pointed out above.

This considqratio.n-leads lo~laally to a more detailed
investigation” of the meohanism of transition.

..
“VI. “BOUl?DtiY-LAYERSTAB&TY

1. Theoretical Dls&sslon -

The question as to the stability of a given laminar
velocity distribution la one of the most irn~ortantand,
mathematloallyo most difficult problems in fluid mechan-
ics. To treat the problem analytically, the following
assumptions are generally made:

(1) The mean velocity u is parallel to x and is
only a function of y

(2) The perturbation velocities u!, vI, and w! are
considered so small.that squares and hlgher-
order.terms of ul/u, and so forth, can be
neglected

Since assumption (2) leads to linear differential
equatione,”ul, vI, and WI can be chosen as simple func-
tions.(for example, harmonics) and the general perturba-
tion aan be built up as the sum of- these simple funotions.
If the motion Ie found to be unstable - that Is, if u~,
v~, and WI incaease with time, the theory can only be.ex-
pected to hold for the initial state; that is, as long as
u!, , and W1 are so small that the linear approximation
(2) I: applicable. Hence, a theory based on the above
assumption Is able to predict the breakdown of laminar
flow but not able to give the development of turbulent
flow, eince thie involves a change in the basic profile
and represent, therefore, a nonlinear phenomenon.

,

I
..-
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In “co”nn~”cti.ou“.wi.t.ht“he.otirvature’&.ffe’ot“on tT8nwi}lok,., .
two types of”p~rturbation fluotua~.~ons whic;h.liavebeen the-’
oretically lnves~~gated ake of main interest: ““‘“. . . .

.,. ,

(a). The ~two-d~me~s~onatt“pert.ur~at~origiven by {he, :~:..
st-re~ti.tuncbl.on.“ “ “ :.‘..\

.. . . .-

.“~ix,y,’t)=@(y)e ~(ax~pt)” “ “ . .,[8)-..
. .,.

iq taken as”d081; ‘~v “aO co.mplox,
“.

where a, $ = ““”“ ~P* + illl. . “.

~l(y)’cos. (a”%)“o
pt..-

UI =
. .

“.. .,
~1 -.Y2(Y) cos (ad e?t” . “ ‘--- “:(9; ,! . -1”=,.-
w~ =“:

f ...-
Y3(Y} sin (&z)”e~t .

..
... ..

..
. .. .. . .. . .. . -.. “..

where both a “ and B are real quint-iti.es. ..
,.

(m)-,Using the aesumptions(l). and (~)and the two-
dimonsional perturbation (b), the Naviar-
Stokee equation can be reduced ~t.o..thaso-

‘,,

called Samme,rfeld equ:dti{o”n:“. .. .. .,.”.,

(u-c) (Q’’-ia:).-.U“q)”= - * (cp~v-’2cL%qY’+“C&p) (10)
. .

,“.

where the real :pert of” &
. ,.

“c = ~. Is the. $ha;e-velo~it’y’of “ . “:..
the “wavell”(equation. (8.)).~ The ~ete,qm~n.at.’i~qo~ cp~from.. ““
equation (l(5”)m.fo.ra given U(y) .and given boundary””con- , . . “
ditions Ls oply ~ossible for certaia”values of m, “c, and ..
a characteristic Rp~nolds number of the problem. .The.sign . ,’
of the Imaginary part of thess%i.gen=~alueollfor c :.deter-
mines whether the pertur~ation is uositlqel.y-or nb~atf.vely
damped, since ,,...

. .
,.

It is seen from equation (10) that for large values of
Reynolds number, the right side of the Sommerfeld equation
becomes very snL1l. Eence, In the limit R~~ the fric-
tionless perturbation equation
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.(11)(U;c). (cl+%) -. u%.=.0 ..,. , ~: .. .. ... . . . . . ....,. “ . ..

‘“ rernain-sio” ‘ “r‘“‘“ : 7“’ “ -
. . .

1. .“-
. . . . ... . ....”. .

~xpertmen%al dvidedc-e. :ahowa tha#””in&t8bi~$~y od l&lIIi-
nar flow ean only be expected.for lar e~e-ynbld~-numbere.

?)Since a general solution of equation 10 .19 di?f~Onltl
the method of solving the ‘eigenv~”ltielt”pr”oblem~fsRtQ ~?ek
asymptotic doluttdti$o“fequation (XO) for”large ; Squa-
tion (11) oan be talie:ti”.aslimiting ease for Q~~* But

here there .oo:cur,~:a.diffi”ouity.due”to the ~~ct that In

equation (11) tiheterm ~of.lxigbest”:order~“- ii neglected. -
Hence It has to be shown that @olutions of equation (11)”
correspond to trlze.a”sym~totlaeolu”ti,odsof “&quat:ion’(lO).
Furthermore, it”can be generally shown “thatithe”“phase ve-
locity Cr”’fs”always smaller than the maximum value of’ m
u(y) . Coneequentl-y, there exists a singularity of equa-
tion (11) at the point y = y= where u - cr= O if
Uu +0.

In the first attem ts at solution by Eayleigh (refer-
ence 6), only equation 7)11 was considered. The singular-
ity was avoided by approximating the profile u(y) by a
polygen. The result of Rayleighls Investigation was that
profiles where uII changed sign were unstable. Since in
equation (10) the influence of friction on the perturba-
tion is neglected, a dynamic Instability for certain pro-
files was thus #found. Tollmien (reference 7) has ehown
that Rayleighls result was not duo to the approximations
of the coritlnuousprofile by a polygon, and that the
change in aign”of u“ Is a sufficient condition for dy-
namic instability. Hence,”profiles where Uti changes
sign are always found to be dynamically unstable.

Prandtl (referenco m and TietjenS (reference ..21)
investigated the influence” of friction on dynamically un-
stable profiles. ‘-”The”influenoe of viscosity wae restrict-
ed to a small layer close “to solld walls: The profile
was again approximated by a polygon. Prandtl and Tletjens
found that the influence of friction was destabilizing;
profiles found dynamically stablo became unstable if frlo-
tlon was taken into acoount. The discovery of this vis-
00US instability 3S of great impoatanoe in view of the
faat that.experimental evidenoe shows that viscosity fs a
decisive factor in the development of turbulence. How-
ever, prandtl and Tietjensl result gave.instability for
all Eeynolds numbers, which does not agree with.experimen-

1-—. ———— —.-..-. —.-
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tal reeultr3. Tollmien (referenoe 11) extended p~andtl ‘.
and !Cietjeni~ work 3Y oons~dering a oontinuoutaly ourved
profile. In this oaee viacosit~ has to be taken into ao-
count close to solid surfaces and in the neighborhood of
the singularity of equation (11).

.

Tollmien invest~gate~ an “approximation to the Blasius
profile and found Inetablllty for a small range of frequen-
cies abovo a certain critical BeynoldB number. Schlichting
(referenco 32) extended Tollmienls theory and computed the
amplification, the amplitude distribution, and so forth,
of tho ‘lda~gerous11frequencies. Tollmionls results were
not generally accepted since there was no experimental ev-
idence that frequency and wave length, rather than amplitude,
bring about the breakdown of the laminar layer and sinoe
regular wavee, such as should be expected according to the
theory, were not observed experimentally. Furthermore, the
method of joining the solutions of ea-uation (11) with the
solutions of equation (10) in the neighborhood of the sin-
gularity was considered tithemat5cally not convincing.

The discovery of the laminar boundary-layer oscilla-
tions by Dryden, Schubauer, and Skramstad (reference 14),
and the agreement of the measured characterlstice of these
oscillations with the theoretical resulte of Tollmien and
&chlichting prove the validity of Tollmients assumptions.
Hence, the mechanism of laminar boundary-layer Instability
on the flat plate can be considered.known.

The effect of curva~ure” on ”disturbancee of the form
of squation (8) was theoretically” Investigated by Schlicht=
ing (reference 22), who considered the flow in a rotating
cylinder using tlie sane general”method as Tollmien.
Schlichting found a slightly stabilizing effect of curva-
ture (only convex curvature was considered) on the viscous
Instability. Gtjrtler (reference g).investigated the in-
fluence of both concave and convex curvature. on.dynamic
instability with respect to two-dimensional disturbances
(equation(8))unH: :~tained the result, that velocitr pro-
files where

T ohanges sign are unstable (r posi-

tivo for convexF negative for concave curvature).

Since for boundary-layer .profilee in the absence af a
pressure gradient “uil ~ O, U1 z O, it follows that a pro-
file which is dynamically stable for two-dimensional per-
turbations. on conca~e and flat walls can be dynamically
unstable on convox yalls. This effect, thorefor.1, is in
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direct opposition to the Bimple eonslderatioas of Rayleigh
and F.randtl, (See sec. Iyq),..,,..;.

It is interesting to note that both Tollmienls erite-
rlon for d~namical instability, UW = 09 and G?lrtlerls

criterion for curved flow,
““UIUn + _ = Q,

.. correspond to the
,. y

statement that,” if th-~ vort’loity ha”a a rnaxi’rnum‘wit”h’in the
layer the motion is unstable with respect to perturbations
of the form (equat”lon (.8))...*.Thlq. s.u~ests that the dynamio
instability of the two-dirnensionaf pert-u”rbationsis due to
vortex forceeg It will be seen later that the Rayleigh-
Prandtl consideration agrees with comptita%ions”re~ar.di’ng.
Instability wit! respect to perturbations of the form
(equation (9)); Since the direction of the perturbation vor-
ticity of equation (9) in essentially normal to the mean
ToPticity, little effect of vortex interaction should here
be expected.

(B) The three-dimensional perturbation (eauation (9))
was first studied by Q. I. Taylor (reference
g) in his investigations of the flow In rotat-
ing cylinders. G6rtler (reference 10) com-
puted the “stability of curved boundary-layer
flow with respect to these three-dimensional

.vortices.

For r>>i3, neglecting terms (6/r)a and higher,
and negleotlng all changes with x, the boundary-layer
equations and the continuity equation become:

.fi+$-

av~+a Jf=o
ayr. h.-

UI
8UW + _ = O expresses the condition of maximum vorticity

if ‘terms with l/ra are neglected, as is essentially
done in Gdrtler’s work.

.
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Putting -
, ..

“ U=ll(y)+tll”” “.-... . ..
v= ~1

,.

. .

W=wl..

wh~re u’, V1,.WI are given by equation (9), and putting
the pressure

.. “

P
Bt “

= p(y) + v,(y) cos (u*) e
:.

equati~n (12) becomee”

. (13)

{.
“ BY3-; Y4” . .=’V :“JJ’Y1

‘J
I &?a “

Y3 = - ~.—
“.- a dy

EliminatlnE Y3 and. Yq- from e~uatlon (13), one obtains

(14)

Theee sinultaneou.s equations tomgetherwith the boundary
condltione again present an ‘;eigenvalue” problem for al Bt
r, and a characteristic Reynolds number. The sign of ~
determines stability or i~Gtability; B = O corresponding
to the stabilitw-limit. G6rtler transforms equation (14)
into integral equations and obtains the approximate eigen-
values by means of the method of determinants.

The main results of his analysis can be suamarlzed as
fo”llows:

(1) Curvature and Reynolds number enter only in ~he “

combination
f

rR8 # “
. .

.

I
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.. :,. .. .. .. . . ..

(4)~”Gi;t;;r ~appil-i.shis ko~hdc””ti ;arlous. veloaity
+profiles including t.hi’e:“Wtrai”@t=14ne ~profile

,...and one ~rofile hhvi.n:gah lnfleotf.bripoint .
He finds the instability re@on, little af-

.. :.fewt~d. b~ the e.hape.of th% %asie Rr’d2ile”If

.# the .rnornpntumthiokqees d AS takep as:the .
,;., ‘characteristic length..“..”

#

“G/jrtlerIs ~ork. On the stability of boundary layers
with respect’ to.the Taylor vortices .(equation.(9.) consid-
ers a dynamic instability without neglecting vlsco Oity.

. The reeulte therefore differ from the ~n+e~tigatlohs con-
cerning the dynamic instability of the two-dimensional
perturbation (equation (8)) of Tollmlenl s.(reference 7) and
Gortleris (reference 9 .) extensioa to curved flow, wnere
viscosity Is neglected entirely-and therefore no critical
Reynolds number obtained. The difference In the role
which vieooelty plays in the dynamic instability computed
with inclusion of viecous forces, and in the true Viscous
instability of !I!ollmien, can be seen from the “computed
stability limit irithese two cases (figs.14 and 15). For
increasing E, G8rtler1s Instability region increasee; “
Tollmienl. becomes emaller.

.: . .,.
For -.th~limit .E~e Tollmienls. instability van-

ishes; Gor.tlerldi however,’ ~oes.ao~. A vepy interesting
and important theoretical problem would be the investiga~
tion of dynamic inwta%i%lty with redpqct to the plane
dletur.bance (equation (S)]”including the Influence of vis~
OGslty. . .. . ..

.. ,. “...
The main result of Tollmienls theory, whloh cah be

checked experimentally, Ie evident from figure 14: Aesume
that.s”~lane disturbance “ofOa given frequenoy is excited
at some distanae from the leadlng edge of the plate. At a

glvbn”he~n’,speed the ~ak.ameter. ~ andtheEeynoldshum-. .
ber R*: corresponding” to f and x, respe.otiv”ely,are

. .

\

,,. , ,.., .,,. ,.-,-— , , ,, -, —— --- . ..—— — ... ..-. . . . . .. . ... . . . .. . .. ..
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thus given-(fig. 14). Thie wave, traveling at constant
frequeqcy dow,nOtream, describes a straight line parallel
to the” R~* axis in figure 14. The Tollmien theory pre-.
dicta that this.wave should,,~ecre.asein.amplitude from
(R#)z “to (E~*)*, increase in atiplitude from” (R~m)a to

(R~*)- and again decrease for
3

s~* 5 (E&*)3:

G~rtlerls Vortex theory $or concave wallEIgives an
analogoua result. Since In Qortlerls theory the wave
length is the characteristic quantity, assume a vortex of
a given vave length originating at a point corresponding

to ( f)‘d
‘4rl in figure 15. This vortex traveling down-

. .
stream describers the line A-B in the diagram (fig. 15).

Aga;n damping will occur from
(f) $a@, ‘‘4:1

to

from ( p~R~ “ the amplitudb Till increase till the vortex
. . r~;a \:

leaves the instability wone at
‘P

●

\R.~ r~~
. .

2. Experimental Results

The digcovery ?f regular oscillations in”the laminar
..

boundary layer by Dryden, Schubauer, and Skramstad gave
the impulse for n cloeer study of velocity fluctuations in
the laminar layer. During the inveetl~ation of the.flow
past the flat plate,, only spor”adicappearances of regular
fludtuatio~s close t~ transition were observ.ett. ?Iomeas-
urements .o~’frequeucy~ and eo forth, were “carried out. On
the conve2 side of the r.= 20-foot plate. hovever, the
regular w%ve wae observed ~ithout any difficu~ty. .The
velocity fluctuations for a distticeof about1 foot.upstreemof
tLe beginplng of tradition had the appearance of rsgular
sinusoidal waves, incr~aslng in amplitude downstream.
These fluctuations are the Ilnaturalll.excited boundary-
layer oscillations discussed by Sckubauer and. Slsramstad
(reference 14). . ,

,
. . Tkese natural oscillation are ~xcited by d“i”sturbances

in the free stream. They depend not only on the magnitude
but also on the frequency distribution. in the free-stream
turbulence or noise level. This is”probably the reason for
the,discrepancy between the Reynolds number of transition
on the flat plate as found in this research as compared
..

.. .
:.

i ....”
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with Sehubauer and Skrametadts value,sfo,rt~e dame t’u”rbu-“
.,...lence.level. The frequepmy dlqtri”but-io~~depqnde”O“ri‘fa”ctors

like the p-ymbqr of~~rop.pl”lerbladeei ~he revolub~o~k- ppr.
minute, “tan&.so ~mt’hm,aiid’.thcqpgfore“it is.yery’.p~obable
that th~ dfstq~bution ilithe @A2CIT ~tun”riql..4s”quite d~ffer-
ent from “the.gne.In the ‘?t~,i:.S--...tunnel.-‘.lienc.ti;ltosaems
possible “th&t tqmsl”t~-on“in:.,the:..GA\12C~’T“i’unnelwas preclp~ .
itated.due-tq.a-nunfevo’ralle frequency diet:~fhutiti”:in
the exte~nal “dlsturbanc.plevel? Spectrums of the.nolqe ..
obtained with a qound.aaalyzer showe~ proziouticed”ma~.lmums
in the range oi dan,~ez.ous..zreqtienciqq... ...‘.,.. .-.--

“The frsaqenoy “&fth”e~e”oscillations c~uld lie mea~ured
by analyzing. the hot-wire output w~th “a sound.analyzer..oh.””
by direct qo?qariddn bT the hot-w$re Qutput with .tbe out- “
put of-a calibrate electrlti.oscillator.on the oscilloscope
Ocreenm .In agreemeritwith the”N.B.S. results, it was
found that the measured frequencies followea closely the
upper stability limit of Tollmien:* To study the charac-
teristics of the tiavemore clcsely and to.lnyestigate “
whetheq the stability zone on “the’convex plate a&eed with
the results of the”ll.B.S. on ~the flahtplate, “soyeral meth-
ode of exciting the wave Bntif16ially were employed. .

(a) A lattice of from four to”six thin (0.006-in. “ “
diameter}.wires stretched at regular Intervaltinormal to “
the direction cf the flow over tliesurface of the plate
was first used to excitp the osci~latlons. Very regular
waves could be obthtned with this regular roughness. rig-
ure 16 chows some’”ofthese regular fluctuations excited
with the wire lattice. The frequency of these fluctuations
could be ea~lly meaeured and compared with”Tollulen~s sta-
bility lttiit. Figure 17 shows th”bresult of these measure-
ments. It Is eeen that all observed .frequencies which show
increasing amplitude fall within the Tollmlen-Schlichtlng
instability sotitior closely beyond the upper limit. In
two cases It.was posa~ble to measure the frequency of a
wave in the stable region, that”is, a wave which was ex-
cited by the lattice and died out in the stable region;
these two points are marked Ilhtableli”lnfl@re 17.

,.
Attempts to measure themwave”length of the wave were

made in the fgllowing way: Two hot.wires w~re mounted at

*A detailed discussion of these laminar oscillations is
given in S&hubauer and”Skramstadls paper. Therefore, only
results where either the flow.conditions or the technique
of observation differs from the Schubauer and Skramstad
research are presented In”de,tail. . .
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the same distance from.the plate (AY = Q) @t a distance
.of 3 centimeter from each other. (As =3 cm). One of the
wires waa held at a fixed distance x from the leading ..
edge (and henoe, from the lattice), the other was moved
along on the carriage. A plane wave traveling along x “
ehould give a definite correlation between the output of

these wires, depending on the ratio ~, where ~% de-

notes the dlatance between the wlreat “A the wave length
of the oscillation. ~lgure 18”showa two oacil.logr.amaof.

the two hot-vire outputa for ~ = 1 and ~ = 1/2. The

“difference in phaae ia”cleerly visible. This method can
be used to determine the ~ave length of the.,disturbance.*

The method of exciting the oscillation with the wire
lattice la not well aulted for ~n exact study of the sta-
bility limit since the excited frequency cannot be con-
trolled ah will. It does, however, show that roughneaa
elemente can excite these plane wavea in the boundary layerj
that these wavea increaae in amplitude when traveling
through the instability region, and that they finally will
lead to tranaltion if the amplification is sufficiently
large. This influence of r“oughneas on tranaltion led to
a somewhat more detailed study of the influence of a single
roughness element on the lam”inarlayer. The reaulta of
this investigation. are presented later on. “

With respect to the effect of curvature on trenaition,
the reaulta obtained with the ~lre lattice sho;,rthat the
mechaniam of laninar Instability on the convex aide of the
r = 20 foot plate la the same as Schubauer and Skramatad
found for the flat plate. Figure 17 shows further tkat the
Btability””limit for the curved ylata cennot”differ Vety .
much frorn”the limit found on the flat”plate.

..

(b) The method of Schuhauer and Skramatad waa next
used to obtain more exact data regarding the stability
limit of Tollmien- Schlichtlng waveh on the”curved wall:
A phosphor-bronze ribbon about 12 i.nchealong, 1/8 inch
wide, and 0.004 inch thick waa soldered to thin piano wira

— .—

*It la naturally possible to determine t~e correlation
coefficient in the conventional manner by adding and su~
tracting the hot wire outputs before the amplification. .
However, the method here presented gives a aome~hat clear-
er visualization. ..

— .— ..—— . . . -— , .. . . —.. —.
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and stretched normal to the flow over the surface of the
plate. Two pappq.:spacers “abou”t10 .Inche’sap~artkept the

-“ribbon at a“distano.e of a .f.ewthousandths af an :Inch from
the “sti~faceof .the.,p.3ate. An electmoma’gnet-mounted on the
concave side of.th~ plate produced a“falrl$. ~trong magnetic
field in the ceater.,of.the ribbon.%..The output of an eloc-
trlcal oscillator,vas,fed over a powerba~llfier into the
ribbon and thus gave..rl.se.to forced oscillations of the
ribbon in the magpetic fleld~ : . .

~...:
,“

!Che”frequerioy of the ribbon-e~cited. boundary-.layer
oscillation could be measured in the same way as In the
case of the patural oscillations and.~.hewaves from the
wire lattice. The wave length, howevep, cculd be.obtained
in a much simpler way: The outpht.of the oscillator which
drohe the ri.bboq,wae connected to the horisiontal;.the hot-
wire output, to the vertical deflection plates of a cathode
ray oscilloacope~ Hence, the phase Bhift between the rib-
bon oscillation and.the velocity fluctuation picked up by-.
the hot wire itsa fuzction of the ratio of the distance
Ax between ribbon and hot wire and the wave length A of
the wave. The Llesajou figure on the oscilloscope screen
will tlierefore change.periodically when the ~ire is moved
along x and rep”eat Itself every time the wire is shifted
one wave length. Hence, the measurement of the wave length
requires only one hot wire and a iaeasurement of a length.
Tf the frgquency f and the wave ledgth A Are known,

the ~arameters ~rl? Cr
a8*, ~fjT ‘ of the Tollmien-Schlichting

theory can be computed. To coordinate the results with
the Instability sone.the amplification of the oscillation
downstream from the ribbon has to be investigated. This
was done by measuring the amplitude of the fluctuation with
the hot wire at.various distances downstream from the
ribbon. Yigure 19 shove a typical result. The relative
fluctuation. amplitude for several frequencies is plotted
as a function of the distance from the ribbon. It is seen
that some frequencies increaee In amplitude downstream.
The amplitudes of the fluctuations with f = 250 and
f = 300 first increase and then”decrease,the fluctuation
with f = 50 first decreases. and then increases in ampli-

D tude. .Hence, the extremes of this diagram denote the
f stability limit: the Reynolds number R8* , corresponding
I to a minimum of a~”lltude,i together with the freqyancyparameter

II

p@
for the respective frequency, determine one point On~

I

II

.. the lower stability l~mit of figure 14. Maximums determine
points on the upper stability limit.

—
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(c) During the investigation of the effect of”a single
.rouglanesselement on the Laminar layer (see eec. VII),. It
was notloed that sound wavee had a pronounced effect on the
unstable inflection-point profilee prevailing in the ~ake
of the obstacle. Hence, the roughness element together
with a loud-speaker can be used in place of the vibrating
ribbon. A few measurements have been made with this device.
However, the method is limited to low Reynolds numbers
since at htgher Reynolds numberu transition takes place in
the siake of the obstacle.

Figures 20 to 22 show the resultB obtained from meas-
urements on the convex eide of the r = 20-foot plate. It
is seen that the results agree well with the measurements
of the 11.5.S, on the flet plate. A slight ehift of the
stability region tow~rd hi~her values of R~* hardly eix-

ceeds the scatiter. Measurement of the stability limit on
the convex side of the r = 30-inch plate were also made.
The regiori near the critical Eeynolde number was chiefly
Investigated to check if the slight shift in the stability
limit was again present. Figuree 23 to 25 chow the results.
The shift toward higher R6* as compared with the N.B.”S.

results .isagain noticeable.

The influence of curvature on the stability limit is
BO small that it is a posterior justified to Qlot the re-
sulte of all measurement on one curved plate together in
spite of the fact that, since ditferant points were meas-
ured at different boufidary-layer thicknesses~ the parameter
d/r is not the same for all points. Within the accuracy
of measurement,thie difference can be neglected; hence
the measurements on the r = 20-foot plate and on the
r = 30-inch plato can be coneldered as meaeuremants with

& : 10-4 and & ~ 10-3, respectively. A.comparitaon of
r r
these results with the computa~ione of Schlichting (refer-
ence ~ ) regarding the influence of curvature on the
Tollmlen instability is somewhat difficult, since
Schlichtingls basic velocity profile is not the same as
that of Tollmien. Hence, the absolute magnitude of the

critical Reynolds number is different (for. $ = O the

flat plate,” Schlichting “finds ‘6Er = 1530 as compared

with Tollmients value of 420).” Howev-er,’th6 relative
influence of curvature on the critical number can be COM- ●

pared: “The critical”Reynolds npmber for the r = 30-inch

. . . .. ... . .- —— . . -



33

[

.

,;

j
1.

..

i’

I

..

plate where the instability limit 5.smore accurately
-. measured than on the r =.20-foot plate is about J&cr “

= 600 aE compared with ‘8*cr = 450 meaeured by Schubauer
and Skramstad on the flat plate. Schlichting (refer.ancb @.

finaleat ~ = o, R~*cr = 1530 and at ~“= 0:004, ll#:cr= 1960.

Linear int~rpolation tli”us“g~v& for k Z o.oOi”B “U~”cr =1640,. . . . ‘r 4

Hence, the shift in the crlticql number 1.sof the same order.
l?urther conclusions cannot..btidrawn. since the experimental
accuracy..In determining the lower Iustabllity.llmlt IS very
poor and since the velocity profile in the theory differs
from the one met in the experiment. . , ..

A dgtailed investigation of YIQW past a concave wall
haa sot yet been carried out. Hence, an experimental” check
of Gortlerle stability limit similar to tha investigation
of the Tollmien-Schlicht Ing yave cannot yet “begiven. How-
ever, a few c“oncluslons baeed on measurements on the concave
side of the r = 20-foot plate can be given here:

(a) The Tollmien- Schlichting wavee were not observed
on the.concave Bide of the r = 20-foot plate

(b) The critical parameter of G~rtlerl s theory Ie

J% :“ If the measurements presented in figure 11 are

replotted so as to give ( ~)& againot & instead of

%tr against L, .

\% r tr
it is seen from figure 26 that (I@]tr

r. .
is cloeely constant for all ~ measured; only for the

smallest valuee of & does
[T)

IL
‘~ r tr

decreaOe. Thie
r

latter decreaae is eqected eince % ~r ~or .: = O has to

have a finite value. The absolute value of “ P
at

transition ie “appreciably larger than Q;rtlerle e~ability

limit; .4”- = 7.3 at transition aO compared.with ~ $%J r f
= 0.58, the theoretical critical number. This, however,
Is no discrepancy between theory and e~eriment, since the
limit of sta~ili;y means only that cert~ln.vortices can be
amplified from here on. Transition, however, meane that
the perturbations become large enough to cauee a complete

..
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breakdown of orderly lamlnar flow. Thla difference ia
exactly the same in the flow alon”ga flat plate whero the
stability limit of the Tollmien-Sohlichtlng wave Is about
.%*CT = 450 but the layer can remain laminar up to values

‘ of .g~* o.f the order of 3000;

(c) A third argument which supports the assumpti~n
that transition on Concave walls “is caused by Taylor-Gortler
vortices “Is given in the discussion of the effect of angle
of attack later on.

The”results of the.exper.imental investigation of
boundary-layer.stability agree and support the results
found for the transition point: Transition Is little
affected by convex curvature in the investigated range from

#-=0” to ~~ 0.001 because the Tdllqien- Schl$chting waves
r r
which bring about the breakdown of the laminar layer.are
“only &lightly affe”ctad ~y curvature.. Transit Ion Is affected
by concave curvature because,in ~ddltion to the Tollmien-
Schlichting wave,a strong dynamic Instability enters. To
giv~ an idea of the mqgnitude of this destabilizing effect
of concave curvature, conaidor an airfoil of camber K
with a chord “S. The radius of curvature of the airfoil
is apyroxlmately:

r As
‘8K

. .

iie61ectlng the influence.af ~ressmre gradient,the maximum
momentum thickness .of the boundary .layqr is ..

f
2 VU43=-

.U

or

Traneitlon was found to occur for a~g50
‘* r

hence
..”

.For e“xample,with 2-percent camber, t3e Reynolds”number
above wh~ch the cutvature effect determines trans},tion Is

. . . .: ,.
. . +“10-s”” . .Es - ,.

. .. .
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Hence, it is seen that under certain .conditi”one.ooncave “
---,-cur.%at.uxecan. hqye...a“strong.infiltience,on “transition. It

muet be p.dintbd out, of-course, t%at moit-modemn.airfoils
have no cotipavecurva$.ar.e.w-h-erk:-thp.loundary .Lave& would “
be lamipa~. ‘. ..“ ~..,.., .. . . ●

This is obviously only a crude qstlmqte..: Tb.neglect
the Influence og pre”~sure grad~ent~on.traqflltion on..con-
cave wa~lh is,.however, ’probably not ~ho far off as a &lml-
lar ati~u~tion.for flat or oonv~x bor@~~ries.: The Btabil- .
ity limit .o$ &opcpve flow with respect .to .tke..three-dimen-
slonal var.ticarn~aa f.oun.d~litt-laAf$6ctqd b~ the shape of
the velocity-profile. Hence, the preisurp gradient.will
influence the three-dimens~onal instablli~y.yery little. , .,
Only if the gradlept beco.mes~ho large that transition is
precipitated,, $pe to..the.”two;dimens.ionalinstability, can
a l~rgq luf~uenoe of the pressure gradient be expected. .
The analogoue angle-of-ettack effect is discu~sed later on.

.VI.I. ISIIJGLEROUGHNESS ELEMENT..
.. . ... . .

During the tnvest”.ig~tlonof the Tollmien-Schlichting
wavetawith the wire lattice,. it was found that theee tiires,
stretched along the surface of the plate in the boundary .
layer, in no cese~caused immediate transition. It was .
therefore decided to.i~vestigate the influence of a single
roughness element. such as a Wire or a narrow strip on tho
lamlnar boundary .la.yer. Tor this purpose, a strip of rub-
ber tape about 1,ceqtlmeter.vide, 26 centimeters long, and
0.1 centimeter. thick was glued directly. on the.glass plate,
thus formitiga-.single.two-d.lmensionalroughne~s element.
The velocity profiles.downstream from thip element, the
ve%ocity fluctuations, and.the ocqurrbnce of transition
were then .atudled. The,main-purpose’of this investigation .
was to analyze the action of such a diet”urbance on the Iam-
inar layer. The results of this .atuty showed that there
exist three primary and readily distinguishable cases.
Figures 27, 20, “and29 show a typical example of each.

(1) The inflection-typ~ profiles prevailing in the
wake of the bbs~acle and immedia~ely downstream from it

are gradually reduced to the normal Blaslus-type velocity
profile (fig- 27). .

(2) The lqflection-t.~e profile still changes to a
Blasius profile but the dlsturbance- that 1s, the Induced
laminar waves - are eo etrong when the Blasius profile Ie

——
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at~ained, that transition occur-salmost immediately. : Thi~
,ca:seis seen In figure 28, and “it 3s to be noted that the
flow in the make of the obstacle is still lamlnar, turbti-
lence occurring only after a Blasius-t~e profile has been
paseed through. “

“ (3) %ig~re 29 finally shows velocity profiles teken
..In”the wake of the obstacle with “andwithout an external
disturbance .- in”this case sound waves. It 1s been that
the addition of a relatively small external disturbance ,
causes a radical change. In the profile. Without the in-
fluence of the sound wavee, the profile shows the exist-
ence af a dead fluid.region “bounding a laminar wake. The
addition of 25 decibels of sound of a “rather high frequency
(700 cyclee) causes transition in “the wake add producee a
tu-rbulentprofile’ a-sshown in figure 29.* The radical
dlff.erence is further Illustrated by the record of velocity
fluctuatioris shown in figure 30. , “ .:“

. .

The appearance of these three types of disturbance
caused by roughness leads to the following conclusions:
T!r8n8itiOII caused by a roughness element does not necessar-
ily occur .immediately at the element, but nay occur at some
distance downstream. l?urthermore, transition cause”dby a
roughness element may occur in the roughness-element wake
proper qr further downstream after the layer has returned
to a normal Blasius-type profile. This latter fact might
cause consi~erable variation ii the turbulent botindary-
layer character downstream from the transition point for
the following reason: It ie known that, if transition
take.q.place in a normal lamlnar b~undary lay~r, the loga-
ri~hmic velocity, distribution established itself almost
i~ed$ately after trans~tio~. In the language of thd mixing-
lengthctheory, the turbulent profile” corresponds to a mixing
length.proportional to the distancs from the solid bouhdary.
If, however, transition takes place inmthe W&k6 of the ob-
stacle, the turbulent exchauge corresponds to a mixin”glength
proportional to the wi”dti of the”wake, o“rthe distance from
the obstacle. Yarther downstream the Influence of the solid
boundary will become noticeable ~nd, close to the” surface,
the logarithmic distribution is again to be expected. The
profile (c) in figure -29 appears to be of this type- .

‘The same effect could be caused by an”increased %tinnel
turbulence. Eowever, the sound was simpler to.apnly.
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B’urther,.r$a~aich is required to determine how a“~ur-” .

Indent velocity profile “oft,h.ls“t~e. d.evelops. .“It”seernd
Intereetlngtto nota”that th-e.”prof.lle(c) in ffgure””29
bears a clocse.resembland~-%o vmeloolty profiles found .t,a “
exist .s.hor~lybefore- turbulent s~amrat.i-p,nmtakes place”. -
It is”’”co”ztc.elv~ble,th@” this resemblance l,s%pot.wholly” -“ :
acclde.mtal bunt~hat the turbulent mechanism is simi.l~r in
both cases: ‘namely, a,rpgio~ of !Iwall-turbulericefland an .
outer regihn of”“free turbulence. fi.Thib ,‘in.fact, Is
certainly to be expeoted if the turbulent layer develops
from a separated lam~nar layer since thi~,,.cassw.oul~be
similar to the flow behind.an obstacle. ..

,

Which of the three asses. abov6Ldescrlbed actually
ocours will depend on a critical Reynolds number, and in
addition, on the level and the frequency snectrum of ex-
ternal disturbances, such as the turbulence of the free
stream or”noise.. The critical number for a roughness “
element in a lamlnar boundary layer is usually considered
to be given-by the height E of the elemer.ttand the
velocity wh~ch exists at this height In the undisturbed
layer . In the case of.a Blasius profile,. this leads to

--

if the element is small enough to consider the profile as
linear near the wall. Goldstein (reference 23) gives as

critical number
()

(R=) ~1~ g a 4 150 and 90 for round or
x .“

1. sharp elements, .r.espectively: The corresponding Reytiolds
number for the first case <fig, 27) was oomputed from the

,,, experimental data as approximately 500 - that ia, at a
considerably larger Reynolds number. than Goldstein’s:s,b

I

1’
oritical values, the flow still remaine lamlnar~ This

1 difference Is at least partially due to the unusually low
turbulence level In the free stream ’for the present inves-

i tigatlon and the consequent greater stability of the lami-
nar wake of the obstacle. The critical number fon case 2
(fig. 213)IQ 2000, .amd as pointed out before, the rough-
ness element wake 3.sstill lamlnar. .Case 3 (fig. 29)
finally shows.that {at Repold& ntzmber= 1300) the wake
can be rendered turbulent by an external disturbance,

I
The Reynolds number EC and the turbulence level

(or any other external disturbance) determine the stability
of the roughness element wake. In addition, a second
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critical number has”to be considered which determines the
stability of the laminar boundary layer to which the flow
may return downstream from the wake proper.
Reynolds number

If this
a~m is smaller tharithe Reynolds” number

corresponding to the lower limit of the Tollmlen-Schlichting
Inetabil&ty region (see fig. 13) the disturbances induced
by the roughness element will die out; if R~* Is l~rger.m. .
part of the dieturbancep will be amplified and will
eventually l,ead..to transition.

I~LUEliCE Or T~ PEESSURE GRADIENT ‘OH.
. .

VIII. .. .

BOU.MD&RY-LAYER TRANSITION

The influence of the pre~sure gradient on boundary- “
layer transition along the convex Oide of.the 20-foot
radius of curvaturp ylate was studied. Figure 31 showe
the pressure distributions for which transition was meas-
ured. It Ie eeen that the .wavineee of the distribution
remaine unaltered when the mean elope is changed. Thie
confirme the etatement made above t~at the waves in.the
distribution are due to emall local changes in redius of
curvature. Measurement of transition with the preesure
distribution A have already been diecueeed. The resulte
obtained with the distribution 3 are ehown in figure 32.
Theee resulte were eomevhat surprieiug; although the tran-
eitio’nReynolde numbere were found to be emaller than
expected, they failed to indicate any noticeable dependency
on x. R’urthermore, no eyetemat.ic influence of the wavee
in the preseure distribution wae noted on the critical
Reynolde number. The only effect of these preeeure-
dietriktion’wavee wae found in the length of the tranel-
tion region - that ie”,the region.betneen the appearance
of the firet turbulent burstelaqd the point where the layer
appeare fully turbulent. “Thie region.wae..eh.ortrhen the
preeeure Increaaed, and’lengthened when it decreaeed. A “’
few of the m“easured regione ehowing thie effect are include”d
in figure 32. . -

With ”the pr”eeeure dlstribut.ion c (fig. 33) threetran-
eltion .Reynolde number wae fouud to decrease .etill further
(fig. 33) , and “here the critical number wae found to depend
on x (or 5). It ie eaen from figure 33 that ‘Xtr de-

—
creaeee with increasing ‘x from a value of 1.3 X l(f at
x = 70 centimetere. to a value of.about 0.5 X 106 at

‘.
.. .. ..‘.,
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x = 160 centi.metere. A Blight.decreaae iB altaoseen at
.. .. values of .x less than 70 cent~metere.” However, t~is

latter decrease does not -an %mo”m@uch””.slnck this point
had to be.measured at the hi”gha~t:o”btainable speeds of.the
tunnel and at thie.speed, ..tli%:turbulenee level of the
free stream ig9reaee8.*

. .
.“. .. .

Elnck the preetaure distribution” C: waa”reaeonably “-
close “to a linear distributiohi the separation point could
eae~ly be computed using the Karm~n.Millikan or the simpli-
fied von I)oenhcffprocedure. ““The latter computation gave g“ .
X6 = 140 centtmetera. Unfbrbunately, this Is toe.cloee to
the trailing edge of the plate to-permit a qtudy Qf the
flow after separation in de”tail,and with the pqesent set-
up, it was irnposeibl”eto obtain higher gradients. A eeriee
of voloclty profileE waE then measured in order to check
the conputed separation point. However, owing to the rel-
atively emall gradient, the change in the velocity profile
was eo gradual that a satisfactory determination of the
reparation point wae not possible. As am example, figure
34 ehowe twc velocity profilesat x = 30 centimeters
x

and at
= 70 centimeters. It is eeen that the profile at x = 70

centimeters is already very cloee to a eeyaration profile.

Einally, measurements were made ~ith the pressure
distribution D (fig. 31). The resulte are ehown in fig-
ure 35. There Ie a marked increeee in the traneit:on
Reynolds number. Because of the,limlted tunnel velocity,
only a few poiate could be measured. Tith the pressure
distribution C and D the effect of the gradient ou the
length of the transition region was again noted aa with
distribution B.

There remains the question as to the proper parameter
governing the influence of pressure gradient on -boundary
layer traneltion. It is felt that from measurements of
the type described above the proper parameter cannot be
found for the following reason:

B-

,1

At zero pressure gradlen”t”a“ndlow free-stream turbu-
lence, the breakdown of lamiaar flow is caused by the
viscoue. instability waves of Tollmieh &and Schllchtiag. .“
.—— --.=———
*l’orvelocities above 30 m/see the tunnel turbulence

increasee from ‘4 =,0.06 percent to 0.09 percent at 38
u

m/sec~

.“

.—-_ -
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If “the pressure gradient ia positive, two influences will “
increase the instability: One is the influence of the
pressure gradient on the Tollmlen- Schlichtlng wave, the
other is the development of a strong dynamic instability
due to the change In velocity profile from the Blatalus-
type profile to a profile having an inflection point. The
Influence of pressure gradient on the Tollmlen- Schlichting
wave was studied by Schubauer and Skramstad (reference 34).
An increased amplification in the instability sone and a
broadening of the zone were found. The effect of the dy-
namic instability Le not yet clear since, as mentioned
before, no critical Reynolds number has been computed and
the influence of the shape of the profile on the instabil-
ity is unknown, apart from the general statement that the
profile must have an inflection point. The problem bears
some resemblance to the ourvature effect: on concave walls
a strong dynamic instability enters and apparently becomes
the determining factor in bringing about the breakdown o?
the laminar flow. The influence of pressure gradient ap-
pears to be of the came nature except that the type of
perturbation is the eaznefor viscous and dynamic instabil-
ity. To determine the parameter governing the influence
of pressure gradient on transition wills therefore~ require
a detailed etud~ of the perturbations leading to the break-
down of the laminar flow.

...
IX. THE ANGLE-OF-ATTACK E1’B’ECT

It was mentioned before that Schiller (reference 2)
and Hall and Hlslop (reference 3) found a strong influence
of the anglo of attack of the plate on the location of the
transition point. Based on the theoretical analysis of
boundary-layer Instability and the foregoing measurements
on the influence of the roughness element and pressure
gradient, an explanation of this effect can be given.

Assume that the transition point of flat-plate flow
is to be Investigated and that the measurements are carried
out on the side, Bay A (fig. 36) of the plate. The plate
is said to be under a favorable angle of.attack If the
B*agnation point lies on the aide A, under an unfavorable
angle of attack if the stagnation point lies.on B. The.
boundary layer on A In the latter caae tias to paaa around
the leading edge of the plate. Hence, the pr.easure gra-
dient over the flret part of A will be poaltive and its
magnitude will increaae aa the radlua of curvature of the
leading edge becomes smaller. In other words, the leading
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tidbdaotq:~ike a.rougl.sneseolarn~mtfor”the side “A; the”D. ‘-”“iiitttai b~ndar$~.layer prqfile will”have aq ~Lnf.16ction “
‘-p”oint”and tlms the same effects as found with the roughnoas
elenent”(s-ee ~ed. VII) “ard to be expectedti A dlmturbanceI

““ “irith~ etdeam will be a~ltfled becaune of the Iris$abllity
‘-”of’the’profiles and; if finally the ,Blacjlus-typelayer
develops downstream, the diaturbanced are amplified In the
Tollmlen-Schlichting zone and lead to precipitated transi-
tion’.- At very -la~ge:en~leo of attack transition can even
‘occur i-dth”ewake of.tha leading edge Without “a”31asiuh
layer”being formed at ~1.1: .Aa-thq’plate ie”tqrned; the,
effect wlil oc”c”ur”verysuddenly”if tbd ‘.~eadin%edge Is”a

“ knife edge and more-continuously if”the edge.i~ “r”dmunded,
in agreement with the-.d~o~qmeasurements (’fieference 3).
Settin”gthe plti.teto rnero‘angle of atta~k Is.difficult since,
even if the setting were”correct for a given mean direction
of the flow,the ”dliacti,onalvelocity fluctuations (vI) would
complicate the matter. It therefor6 eeenisreasonable to
avoid ‘this Inttldl dynamic instability by ‘setting the plate
to a sllght favorakle angle of attack. !Chishas, in fact,
been doner“inmost recent tnveetigations:

,

“It was mentioned”before that Charters ( . “ “
investigated the .dffe’ctof angle of attack of a curved
plate to test the validity of.Taylorla (Xeference 4)
critictam of the reaultti of the-’Clauaers (reference 1).
Chartere found that the setting of the plate waa critical
for the convex but not very crltic”alfor the concave aldo.
This effect 1s understandable if it ie aaaumed that t~anai-
tio”tion the concave aide is brought about by Taylor-(30rtler

“voiticea. These vortioea were found to depend little on
the velocity profil?.and therefore an Inflection point pro-
file would not have mudh influence, ao long”aa the unfavor-
able angle of attack Is not so large aa to cauae transition
in the w&ke proper of the leading edge.

. . ..‘.
>

“X. T* DEVllLOPMWT O? TURBULEM!l!l?LQW “ ... ..
. .

The.preceding parts,bot?i experimental and theoretical,
deal &itiljrwith the brdkkdown of lqmlna~ flow. The quea-

● .
-.tion a-a t“ohow the “ofderly wavb or vortex motion chan&ea
into the statistically fluctuating-turbqlent motiqn la not

i
1.

anmvered. Schubauer and SkramatAd (rsferende ’14) give an
excellent review of this problem in connection with their
measurement; only llttle can be added here:i

I

I
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It-appear sthat the formation of eddiee atarta from “
some dynamic instability in a manner similar to the break-
ing of waves or the rolllng-up process of a vortex sheet.
Eence, the first step in bridging the gap between laminar
instability and turbulent motion is to find the development
from the orderly motion to a dynamically unstable configur-
ation. The Tollmien- Schlichting wave can bring about such
an $netabili.ty in two waya:

(1) The fluid close to the solid surface will, when
the.amplitude of .thawave becomes sufficiently large, come
to rest or actually reverse its motion during one-half
period of the oocil.lation. The ‘instantaneousil profile is
then certainly of the dynamically unstable type. However,
the latter conclusion 18 only correct If the freauency of
the perturbation for which this profile ie unstable ie
large compared with the frequency of the Tollmlen-Schlichting. .
wtive. Only In -this caBe can the instantaneous profile due
to the wave be considered a IImeanflprofile for the dynamic
instability. The came argument appl~es, of course, to
Taylorls (reference 13) theory of forced transition due to
fluctuatlnmgpreseure gradient-s. The experiments with
roughness ?.lernent(see sec. VIII) have shown that separation
profiles can prevail for qui-tesome distance dowqstreem and

, can actually return to a stable.form without the development
of turbulent .f.lom. On the other hand, there exists some
experimental evidence. for Tayl.orie theory of.forced transi-
tion. A better under-standing of the stability of inflection
point.profi.lee,is needed here for a clear decision.

(2) The .U; arid v; “components of the Tollmien-
Schlichting .w.aveshave a finite correlation. The correla-

UT3
tlon coefficient k = —— reaches a maximum value of

k~ -0.2 ae compared rith the correlation coefficient In
the turbulent boundary layer of k ~ -0.3. There exists,

.
therefore, an apparent shearing stress T = purv~ = pk~u~~.-

“which increai.es~ith increasing amplitude of the wave. Ow-
ing to this ehear the initial profile will be gradually
dietorted and it appears very probable .that the ?roflle be-..
comes dynamically unetable. “ Since :toheproblem is a typical
nonlinear one (the profile being distorted by “thewave, the
distorted mean profile leads to a change in the wave, and
so on); hence, no definite form of the final profile can be
given.
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In the ease ofmthe Taylor-6;~t~& vdrtitqes alqo~ a
duaggq.,.o.f-t-bemean grofile -due:to,*lieWo.rtioets,mpwat be
assume”d; in spite of “the faot. t-hat t“hkti v“ortic“6s”.are “
already “the reEult of amdynamic instatifllity.~..?.he wave” o
length of these .vor~ices “is too Iar#&”-to asq~rne th~~” dhese
develop into ttirbu~ent eddles, and,,f%rthermure. .,~a$‘{ref-
erence 24) found that’tQese vortices eari” *st In. tudtiiilent

“.motlon, Slnoe Ta~lob-Go%tler vor.ticea do no$ vary pmeriod-
iaally with time ,onl~ a cuntlnuous ohange III. nteari pr-ofile

--analogous to ease 2’wlth”the Uollhfen-Schl lchti’ngwave” Isi
possible, , . m “ . ..r.

...
.: .

. . qo”wever~ even tracing the pr~oe”ss”T@ to,a“violent
dynamically unstable conftguratioq i~ only one stbp forward
in the general probleml since the dynaml’a im.tabi.lity is
again only known for smal”lpeztuxbqtjon~. “ llheactual devel-
opment of statlstlenl turbulence a’ppearato.be a nonlinear
process and still presents a formidable problem for future
research,

. .
XI. ‘coHcLuEm?s : . “

The breakdown of laminar flow can be caused by either
a dynamic or a viscous” ins”thbillty, The boundary la~er on

convex surfaces.at lefistup to values of
JY_= 0.001 is

, r
dynamically stable but has viscous instability, !t!heviscous
instability leads to the development of laminar-boundary-
layer oscillations which have been predicted theoretically
by Tollmien and Sohlichtlng,and, were found experimentally by
Schubauer and Skramstad on a flat plate. The characteristics
of-these laminar oscillations are but li%tle influenced by

.
aaonvex curvature in the investigated range from ~ = O to

d = 0.001. !Che~eynolds number of transition Is oonfequently
T
unaltered” on convex surfaces as.oompared with the flat plate.
Trarislt”ionon the upper surface of an airfoil will therefore
not be noticeably ‘influencedby the curvature. The results
of Milton and Francis Olauser whioh pr6dlcted a strang sta-
bilizing effeot of convex curvature are based on the assump-

● . “tlon of an Identioal m-eehanism of transition on convex and
eoneave Wallsm This assumption appenrs not to be oorrect.
The boundary layer on ooncave surfaces Is apparently d:’namL-
cally unstable with respect to certain three~dlmensiona~
vortices. This instability was theoretically predioted by
G8%tler and measurements of the transition point on a eon-
oave surfaoe confirm his theory.

i

I.. .--.



The destabilizing effect of roughness elements and of
an adverse pressure gradient on the laminar boundary layer .
are due to a dynamic instability of Inflection point pro-
files. Theory and experiment are not Tet advanoed enough
to draw definite conclusions as to the governing parameters
for roughness and pressure gradient effect. Both effeots
appemr rather complicated owing to the change in the mean
velocity profile downstream and the development of dynamic
instability in addition to the viscous instability. Trans i-
tion in the wake of a roughness element can oocur in the
wake proper of the element - due to the dynamic instability
of the Inflection point profile in the wake, or after the
boundar? layer has reattached to the wall, The boundary
layer in the latter case returns to the dynamically stable
Blasius profile, but laminar oeoillations are “induced hy . “
the unstable wake and these lead to a precipitated break- “
down of the lamlnar layer.

. California Institute of Technologye
Pasadona2 Calif,, June 1943. “
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NACA Figs. 3,4
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Figure 3.- The instrument carriage.

Figure 4.- The test section with 201 radius
of curvature.
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Figure 10.- Osclllograms of velocity fluctuations in the transition
region with turbulent ‘burststt.

Figure 16.- Regular boundary layer oscillations excited by the wire
lattice. The upper trace is the timing wave tuned to

the hot wire output (lower trace).
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Figure 18.- Correlation between the output of two hot wires in the boundary
layer showing the effect of wavelength, wave excited by the

wire lattice. Upper trace, Ax/A = I; lower trace, Ax/A = 1/2.

~
WJ

Figure 30.- Veloclty fluctuations in the wake of a single roughness element ●

showing the effect of sound waves on the flow in the wake. G
Lowe~ trace without sound, upper trace with sound. (Compare with fig. 29). *
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Figs. 21,22
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NACA Figs. 27,28

Figure 27. - Velocity profiles downstream from a single roughness element situated at a
distance X. from the leading edge. The boundary layer returne to the Blasius

type profile.
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Figure 28.- Velocity profiles downstream from a eingle roughness element situated at
distance X. from the leading edge. Transition occurs after the boundary

layer has become reattached to the wall.
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Figs 29,31
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Figure 29.- Velocity profiles downstream from a 6ingle roughness element Bituated at ●

dietance ~ ftom the leadlng edge. The disturbance due to sound waves leade
to transition in the wake of the element.
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Figure 31.- Preesure gradienta for which transition Uae investigated along the oonvex
.Bideof the r = 208 plate.
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